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Abstract: We analyze the large N limit of adjoint QCD, an SU(N) gauge theory with
Nf flavors of massless adjoint Majorana fermions, compactified on S
3 × S1. We focus on
the weakly-coupled confining small-S3 regime. If the fermions are given periodic boundary
conditions on S1, we show that there are large cancellations between bosonic and fermionic
contributions to the twisted partition function. These cancellations follow a pattern previ-
ously seen in the context of misaligned supersymmetry, and lead to the absence of Hagedorn
instabilities for any S1 size L, even though the bosonic and fermionic densities of states
both have Hagedorn growth. Adjoint QCD stays in the confining phase for any L ∼ N0,
explaining how it is able to enjoy large N volume independence for any L. The large N
boson-fermion cancellations take place in a setting where adjoint QCD is manifestly non-
supersymmetric at any finite N , and are consistent with the recent conjecture that adjoint
QCD has emergent fermionic symmetries in the large N limit.
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1 Introduction
In this paper we explore adjoint QCD, an SU(N) gauge theory with Nf flavors of massless
Majorana quarks in the adjoint representation of SU(N). Working in a weakly coupled and
analytically tractable regime, we show that for any Nf ≥ 1 there are large cancellations
between bosonic and fermionic contributions to the (−1)F -twisted partition function at
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large N . The cancellations are so strong that when large N adjoint QCD is compactified
on a spatial circle of size L, with periodic boundary conditions for the fermions, it has no
Hagedorn instabilities and stays in a confined phase for any L ∼ N0, and enjoys large N
volume independence for any L ∼ N0.
The weakly coupled regime used in our calculations opens up when the theory is
compactified on S3 × S1 and the S3 radius is made small [1–3]. When the S1 is large,
the large N theory can be shown to be in a confined phase, with the physical spectrum
consisting of weakly coupled ‘hadron’ states created by single-trace operators and an order
N0 free energy. If the S1 circle is spatial, with periodic boundary conditions for the
fermions, the Euclidean path integral computes the twisted partition function [4]
Z˜(L) = Tr(−1)F e−LH =
∫
dE
[
ρB(E)− ρF (E)
]
e−LE (1.1)
where ρB,F are the bosonic and fermionic densities of states and L is the circumference of
the S1. We verify that as a consequence of the Hagedorn phenomenon, both ρB and ρF
grow exponentially in E. In principle ρB and ρF might be expected to be quite different
from each other. Remarkably, we find that ρB and ρF have the same asymptotic behavior,
with all exponentially-growing parts coinciding exactly for any Nf ≥ 1. Such a relation
between the bosonic and fermionic densities of states leads to the dramatic consequence
that adjoint QCD on S3 × S1 does not have a Hagedorn instability, and the theory stays
in the confined phase for any spatial circle size L ∼ N0 for any Nf ≥ 1. This is due to
the fact that (1.1) involves ρB − ρF , in contrast to the thermal partition function, which
involves ρB+ρF . The boson-fermion degeneracies lead to strong cancellations in (1.1), and
keep Z˜(L) a smooth function of L for any L ∼ N0. Our results provide physical insight
into the result of [4], which found that adjoint QCD on S3 × S1 enjoys large N volume
independence for any L.
The observation of degeneracies between bosonic and fermionic spectra normally sug-
gests that the theory has a fermionic symmetry. But at any finite N , adjoint QCD on
S3 × S1 is not supersymmetric. The S3 curvature breaks the flat-space N = 1 super-
symmetry of the Nf = 1 theory, while if Nf > 1 the theory has 2(N
2 − 1) bosonic and
2Nf (N
2 − 1) fermionic degrees of freedom at the microscopic level, and hence cannot be
supersymmetric in any conventional sense even in flat space. Since the degeneracies we
observe appear in the large N limit, our results are consistent with the conjecture posed
in [5] that adjoint QCD should have an emergent fermionic symmetry in the large N limit
even away from Nf = 1 if the theory enjoys volume independence. Emergent fermionic
symmetries in the large N limit of otherwise non-supersymmetric theories do not contra-
dict the Coleman-Mandula and Haag-Lopuszanski-Sohnius theorems, since the S-matrix
elements of physical states vanish in the large N limit.
The paper is organized as follows. In section 2 we review some relevant properties
of adjoint QCD, and summarize the arguments of [5] concerning Hagedorn instabilities
and large N volume independence which motivated our search for spectral degeneracies in
adjoint QCD. In section 3 we describe the calculation of the twisted and thermal partition
functions for adjoint QCD in the large N limit on S3 × S1, using the technology of [1–3].
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Section 4 is the key part of the paper, and describes the behavior of the twisted and thermal
densities of states which are relevant for spatial and thermal compactifications respectively.
Figure 1 gives a visual summary of our story. Thermally-compactified adjoint QCD has
Hagedorn instabilities, as shown in section 4.1, but there are no Hagedorn instabilities for
spatial compactification as shown in section 4.2. We compute the twisted Casimir energy
in adjoint QCD at large N and show that it vanishes in section 4.3, while section 4.4
comments on the connections between our results and misaligned supersymmetry. Finally,
in section 5, we make some remarks on the relation of our findings to the underlying
symmetries of adjoint QCD, and conclude in section 6.
2 Properties of large N adjoint QCD
In this section we briefly review two properties of large N gauge theories — and in particular
of adjoint QCD — which play a key role in the rest of our analysis. These properties are
the presence of Hagedorn instabilities in generic confining large N gauge theories, and
the phenomenon of large N volume independence, which is special to adjoint QCD. The
tension between Hagedorn instabilities and volume independence motivate our study of
adjoint QCD on S3 × S1.
2.1 Hagedorn instability
Large N gauge theories with a confinement scale Λc are believed to have a density of states
ρ(E) with a Hagedorn scaling [6]
ρ(E  Λc)→ eβHE , βH ∼ Λ−1c (2.1)
A heuristic argument for this relation is that large N theories have an infinite number
of stable hadronic states, and highly-excited states can be thought of as excitations of
confining strings, see e.g. [7]. Relativistic string theories famously have Hagedorn densities
of states, motivating (2.1). A more rigorous argument in favor of (2.1) based directly on
the known properties of large N gauge theories was recently given in [8, 9].
If such a theory is compactified on M × S1β , where S1β is a thermal circle, then the
associated partition function can be written as
Z(β) = Tr e−βH =
∫
dE
[
ρB(E) + ρF (E)
]
e−βE (2.2)
with ρB,F being the bosonic and fermionic densities of states respectively. If ρB + ρF = ρ
satisfies (2.1), then the sum over states in Z(β) will diverge for β ≤ βH . This is known
as a Hagedorn instability. Consequently, it is believed that all confining large N theories
undergo a deconfinement phase transition at some inverse temperature βd ≥ βH .
2.2 Large N volume independence
Consider a confining gauge theory with one or more directions compactified on a spatial
torus T with periodic boundary conditions for fermions, and suppose the theory is in the
confining phase. In general, connected correlation functions of single-trace color singlet
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operators will depend on the volume of T , with the dependence taking the form e−LΛ
where Λ is the mass gap and L ∼ N0 is the scale of the volume.1 Large N volume
independence is the statement that in the ‘t Hooft large N limit, the connected correlation
functions of topologically trivial single-trace operators do not depend on L, provided center
symmetry and translation invariance are not broken [10–15].2 Volume independence implies
that the connected parts of n ≥ 1-point correlation functions of single-trace topologically-
trivial operators are L-independent up to 1/N corrections. For zero point-functions such
as logZ (the free energy), volume independence forces their O(N2) parts to be volume
independent. Of course, in the confining phase, where center symmetry is unbroken and
volume independence is valid, logZ is O(N0). Hence the validity of volume independence
for L ∈ [Lmin,∞) implies that a theory must not have any Hagedorn instabilities for
L ∈ [Lmin,∞), since these would drive the appearance of an O(N2) volume-dependent
part in logZ.
Recently, convincing numerical and analytic evidence [16–31] has appeared that adjoint
QCD with massless quarks is special in the sense that, when compactified on M × S1L, it
enjoys large N volume independence for any circle size L ∼ N0 [14] so long as the circle
is a spatial one, with periodic boundary conditions for fermions. That is, in adjoint QCD,
large N volume independence is believed to hold for L ∈ (0,∞) for any Nf ∈ [1, 5.5).3
2.3 The tension
Volume independence for any L implies the absence of phase transitions as a function of L.
As a result, one might worry that large N volume independence for any L is not consistent
with the well-established existence of Hagedorn instabilities at LH ∼ Λ−1c in confining
theories. Indeed, in many theories there truly is a clash between volume independence
and the Hagedorn instability, which is resolved by the failure of volume independence at
β = βd [13, 32]. From a modern perspective, this gives a simple heuristic explanation for
the failure of the original large N volume independence proposal of Eguchi and Kawai in
the context of pure Yang-Mills theory [10, 11]. However, adjoint QCD does not necessarily
suffer from this issue [5]. To see this, recall that the modern formulation of large N
volume independence is a statement about the sensitivity of observables to the size of
1The restriction to L ∼ N0 is important, since in general volume dependence is expected to set in once
L ∼ N−1, with e.g. possible chiral phase transitions at L ∼ 1/(NΛ) where Λ is the strong scale. The
restriction to toroidal compactifications is also important, since on e.g. S3R × S1L the physics depends on R
even at large N , in contrast to what sometimes happens to the dependence on L.
2There is a simple heuristic picture behind the phenomenon of large N volume independence. The way
a given hadron knows that it is a periodic box is to interact with the ‘image’ hadrons introduced by the
boundary conditions on the walls. If we take an ‘t Hooft large N limit, with N → ∞ with all physical
scales fixed, then the interactions between hadrons become 1/N suppressed, and the finite volume effects
must disappear at leading order in the 1/N expansion. So as long as a large N theory is in its confining
phase, it will enjoy volume independence for toroidal compactifications.
3When Nf < 5.5, adjoint QCD is asymptotically-free and has a strong scale Λ as determined from the
IR Landau pole in the one-loop beta function. For Nf < 4 adjoint QCD on R4 is believed to develop a
mass gap of order Λ. If 5.5 > Nf & 4, it is believed that adjoint QCD on R4 flows to a conformal fixed
point in IR, and for Nf = 5 this fixed point can be seen in the two-loop beta function, and occurs at weak
coupling.
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spatial circles [14]. The Euclidean path integral for a theory compactified on a spatial
circle computes the twisted partition function, Z˜(L), defined in (1.1); it does not compute
the thermal partition function Z(β). The twisted and thermal partition functions are
sharply different in theories with bosonic and fermionic states of similar energies. This
is the case in SU(N) adjoint QCD with massless fermions. In contrast, in QCD with Nf
fundamental fermions, with even N there are no fermionic states at all, while for odd N the
only fermionic states are baryons, which become parametrically heavy in the large N limit.
The general statement is that the twisted and thermal partition functions are qualitatively
similar for β ∼ L ∼ N0 for large N gauge theories with complex-representation fermions,
but they are very different in theories with light adjoint fermions.
The relevance of Z˜(L) rather than Z(β) means that the tension between volume inde-
pendence and Hagedorn instabilities would be relieved if the exponentially-growing parts
of ρB and ρF were the same, leading to sufficient cancellations in (1.1) to avoid Hagedorn
instabilities. Supersymmetry would of course be sufficient to drive such cancellations, since
in flat space the twisted partition function of a supersymmetric QFT is the Witten index,
which is trivially volume-independent.
However, adjoint QCD is not supersymmetric for generic Nf , so it is not a priori
obvious why one should expect sufficient cancellations in the twisted partition function
to avoid Hagedorn instabilities. In this paper we show that the necessary cancellations
do indeed happen in adjoint QCD on S3 × S1 for any Nf ≥ 1. Since our results in-
volve degeneracies between the energies of an infinite number of bosonic and fermionic
states, it appears to call for the presence of emergent fermionic symmetries in large N
adjoint QCD.
2.4 Utility of S3 × S1 compactifications
Both volume independence and Hagedorn instabilities are usually strong coupling phe-
nomena, which makes their interplay difficult to explore analytically. In this paper we
discuss volume independence and Hagedorn instabilities in adjoint QCD on S3R × S1β and
S3R × S1L, using methods developed in [1, 3, 4]. The reason this setting is interesting is
that if Nf < 5.5, then the ’t Hooft coupling λ(R) → 0 as ΛR → 0, where Λ is the strong
scale. Hence the theory becomes weakly coupled and analytically calculable for any L or
β.4 At the same time, the ΛR 1 theory is confining with a mass gap of order 1/R, with
the realization of center symmetry serving as an order parameter for confinement. From
a path integral point of view, the small-S3 theory can be thought of as a matrix model
integral for the holonomy of the Wilson loop wrapping S1. One can then show that, at
least at large L/R, the matrix model is dominated by a center-symmetric saddle-point, and
hence describes a confining theory [3]. This is true at large N . At finite N the analysis is
much more subtle, because there cannot be distinct phases at finite N on a finite volume;
equivalently, at finite N , subleading saddles must be taken into account. We only analyze
4Our results also apply if Nf > 5.5, when the theory becomes IR-free, with a Landau pole Λ for the
coupling in the UV. In this regime we can maintain weak coupling by setting RΛ 1.
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the physics to leading order in the large N limit in this paper. We also work only at λ = 0,
or equivalently at leading order in the small RΛ expansion.5
As we will review, the presence of a Hagedorn density of states in adjoint QCD can
be shown by direct calculation so long as ΛR  1 using the techniques of [1, 3]. Conse-
quently, the RΛ 1 limit gives us a regime where Hagedorn phenomena, center symmetry
realizations and large N volume independence can all be explored simultaneously at weak
coupling.
The presence of S3 curvature couplings explicitly breaks the flat-space supersymmetry
of the Nf = 1 SU(N) theory, while Nf > 1 adjoint QCD is not supersymmetric even in
flat space. So one might worry that on S3R × S1L, volume independence would be doomed
both with Nf = 1 and Nf > 1. However, some time ago, it was shown by U¨nsal [4] that
in adjoint QCD center symmetry is always unbroken on S3R × S1L for any Nf ≥ 1, and
hence large N volume independence must hold for any Nf ≥ 1.6 We illuminate the physics
of this result by explicitly showing that there are no Hagedorn instabilities any Nf ≥ 1
for any L ∼ N0 in the spatially-compactified theory. On the other hand, we show that
there are Hagedorn instabilities for thermal compactification with β ∼ 1/R. The spatially-
compactified theory with Nf ≥ 1 avoids Hagedorn instabilities due to large cancellations
between bosonic and fermionic densities of states, as was advocated on general grounds
in [5].
Before diving into the analysis, we make a remark on the global symmetries of adjoint
QCD. Since the Nf Majorana fermions are in a real representation of the gauge group, the
theory has a classical U(Nf ) flavor symmetry. The overall U(1) ⊂ U(Nf ) is anomalous,
and on R3 × S1 it is believed that SU(Nf ) is spontaneously broken to SO(Nf ) by a chiral
condensate when the S1 is large.7 The situation is quite different on S3R × S1L, since
the chiral symmetry realization depends on RΛ. For small RΛ, where the theory is weakly
coupled for any L ∼ N0, the SU(Nf ) chiral symmetry is not spontaneously broken, and the
curvature couplings induce a chirally-symmetric mass gap for the fermions [4]. The small
RΛ regime is an example of a setting where confinement and chiral symmetry breaking are
not entangled with each other. These remarks will be important in section 5.
3 Large N partition functions on S3 × S1
When RΛ  1, large N adjoint QCD is a nearly free quantum theory with an infinite
number of degrees of freedom. Since all of the fields in the theory transform in the adjoint
5It is not known whether QCD(Adj) stays in a confined phase for all RΛ. This is certainly the case when
RΛ is parametrically small, and the theory is also believed to confine when RΛ is large, but in between
there are no techniques to study the theory. Indeed, it is known that the theory must have a chiral phase
transition at around RΛ ∼ 1. So it is not known whether our analysis is in a regime which is smoothly
connected, as far as confinement dynamics are concerned, to the large volume theory.
6See also [33] for a discussion of the fate of volume independence in this setting when a quark mass is
turned on.
7See e.g. [34–40] for studies of confinement and chiral symmetry breaking in adjoint QCD in the volume-
dependent weakly coupled regime which opens up for spatial circle compactification if NLΛ  1. See
also [41] for a recent overview of some properties of adjoint QCD.
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of the gauge group, in the λ → 0 limit, each one of these degrees of freedom can be
represented by N ×N matrix harmonic oscillators, which transform as color-adjoints. The
frequency of each oscillator is of order 1/R. On a compact space, the Gauss law constraint,
which applies no matter how small RΛ becomes, implies that the only states which can
contribute to a partition function must be color singlets.8 Hence all the matrix oscillators
have to occur inside color traces, and a typical state looks something like
Tr
[
B†43B
†
2B
†
2B
†
17F
†
9
]|0〉 (3.1)
where B†i , F
†
i are bosonic and fermionic oscillator creation operators, respectively, with
spin and flavor indices suppressed for simplicity.
We will confine our attention to the behavior of adjoint QCD in the ’t Hooft large N
limit. This means sending N to infinity while fixing (i) Nf , (ii) ’t Hooft coupling λ = g
2N ,
(iii) S3 radius R, and (iv) the circle sizes L or β. Thanks to Boltzmann suppression
factors, the last condition means that the only states that can contribute significantly to
the partition function have energies of order N0. When RΛ  1, the energy of a state
created by an a single-trace operator is directly proportional to the number of oscillators
entering the trace. Thus by working in the ’t Hooft large N limit defined by the conditions
(i)–(iv) we are justified in only considering states created by N0 oscillators. This is a major
simplification, because it means that the space of multi-trace states is the Fock space of
single-trace states.9
Combinatorially, the partition function of a system is a generating function which
counts the number of states of each energy. In the rest of this section, we review the
technology [1–3] that lets one directly count the states in the large N limit provided that
RΛ  1. First, we recall how to count the independent Bi and Fi operators, taking into
account gauge freedom and the equations of motion. Then we count the single-trace and
multi-trace color-singlet states. All this is already known from [1–3], but we repeat it
here to keep the presentation self-contained. At the end of the section we obtain exact
expressions for the thermal and twisted partition function of adjoint QCD at large N in
the weakly coupled small R limit.
3.1 Single particle partition functions
Adjoint QCD has a gauge field Aµ and fermion fields ψa, a = 1, . . . , Nf . To build up
a single-trace state, one can put together states composed of (a) various combinations
of derivatives acting on Aµ, as well as (b) various combinations of derivatives acting on
ψ. It is convenient to define generating functions zV and zF which count the number of
8The heuristic reason for this is that if one tries to put a source for color charge on a three-sphere there
is no place for the color-flux lines to end. In flat space, in contrast, the flux lines have the option of ‘ending’
at the boundary at infinity.
9If the number of oscillators entering a single-trace operator scales with N there are algebraic rela-
tions between the single-trace operator and linear combinations of multi-trace operators, making the state
counting much more complicated. These relations can be thought of as representing interactions between
hadrons, which are 1/N suppressed for light states but may be unsuppressed for heavy states, as is well
known from studies of large N baryons [42]. These subtleties become important at finite N , and also become
important if we consider non-’t Hooft large limits where we allow L to scale as 1/N .
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independent color-adjoint states of type (a) and type (b) respectively. Following tradition
we will call zV and zF “single particle” partition functions, though we emphasize that they
are not the generating functions for the physical single-particle states of a non-Abelian
gauge theory. The state-operator correspondence maps the energies associated with these
states, EV,F , to their classical scaling dimensions, ∆E,F , as EV,F = ∆F,V /R on S
3
R×S1L orβ
in the RΛ  1 limit, and provides an easy way to calculate the single particle partition
functions as
zF (q) =
∑
∆F
d∆F q
∆F (3.2)
zV (q) =
∑
∆V
d∆V q
∆V . (3.3)
Here d∆F,V denotes the degeneracy of the operator with dimension ∆F,V and q = e
−β/R or
q = e−L/R depending on whether we consider thermal or spatial compactification respec-
tively. Explicitly counting the operators by taking into account the equations of motion
and gauge constraints, one obtains [1–3]
zF (q) =
4q
3
2
(1− q)3 (3.4)
zV (q) =
6q2 − 2q3
(1− q)3 .
See appendix A for a review of the derivations of these functions. Notably, these single
particle partition functions have simple properties under the T -reflection symmetry β →
−β introduced in [43]:
zF (1/q) = −zF (q) (3.5)
1− zV (1/q) = −
(
1− zV (q)
)
.
These T -reflection properties are very useful for obtaining analytic expressions for the
Hagedorn temperatures of the theory, as well as for being able to write the full partition
functions in terms of elliptic functions.
3.2 Twisted and thermal partition functions of adjoint QCD
We now write down the twisted and thermal partition functions. To get some intuition
on the physics, note that at large N we expect single-trace states to make the dominant
contribution in the confined phase. A rough estimate of the contribution to the partition
function from e.g. the gauge fields is
ZST, naive =
∞∑
k=1
1
k
[
zV (q)
]k
= − log [1− zV (q)] (3.6)
This naive estimate counts single-trace operators made with k oscillators with a factor of
1/k to account for the cyclicity of the trace. The counting entering this estimate does not
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correctly deal with the combinatorics of repetitions of oscillators inside a single-trace, and
multi-particle contributions are neglected. Both of these omissions lead to an undercounting
of the states. Nevertheless, the naive estimate above manages to capture the leading
asymptotics of the state degeneracies, which control e.g. the Hagedorn temperature, so it
is useful to keep it in mind in what follows.
As shown in [1–3] the proper way to count the single-trace states with the correct
weight for repetitions involves the use of Polya theory. The result is
ZST[q] = −
∞∑
m=1
ϕ(m)
m
log
[
1− zV (qm) + (−1)mNfzF (qm)
]
, (3.7)
Z˜ST[q] = −
∞∑
m=1
ϕ(m)
m
log
[
1− zV (qm) +NfzF (qm)
]
. (3.8)
Here, ϕ(m), the Euler totient function, is the number of positive integers less than or
equal to, and relatively prime to m. In the ’t Hooft large N limit, the full confining-phase
partition function can be obtained from the one above by including contributions from
states involving an arbitrary number of particles. The full large N partition function can
be written as [3]10
logZ[q] =
∞∑
k=1
ZST[q
k]
k
. (3.9)
Euler’s formula,
∑
k|n ϕ(k) = n, then implies
logZ[q] = −
∞∑
k=1
log
(
1− zV (qk) + (−1)kNfzF (qk)
)
(3.10)
log Z˜[q] = −
∞∑
k=1
log
(
1− zV (qk) +NfzF (qk)
)
(3.11)
Note that these expressions are only correct at large N . At finite N (or in non-’t Hooft
large N limits) there are relations between e.g. single-traces with & N oscillators and
multi-trace states, and such relations are ignored in the derivation leading to the above
result.
Before giving more explicit expressions for the partition functions, we make an impor-
tant observation regarding the fermionic contributions to the single-trace and full partition
functions. Due to the q3/2 term in the fermionic single particle partition function, the
fermions contribute to the expansions of the single-trace and full partition functions as
half integer powers of q. Furthermore from eqs. (3.4), (3.10) and (3.11) we see that go-
ing from the thermal to the twisted compactification amounts to flipping the sign of the
10This construction, and its generalizations to finite N , is sometimes referred to as the ‘plethystic expo-
nential’, popularized in the physics literature in [44, 45].
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coefficients of the half integer powers of q, so that
Z =
∞∑
n=0
cnq
n +
∞∑
n=0
cn+1/2 q
n+1/2 (3.12)
Z˜ =
∞∑
n=0
cnq
n −
∞∑
n=0
cn+1/2 q
n+1/2. (3.13)
So as expected, the difference between the twisted and the thermal partition functions is
that all the fermionic degeneracy factors (i.e. coefficients of the half integer powers of q)
enter with a negative sign to the twisted partition function. It is convenient to make the
substitution Q ≡ q1/2, so that the partition functions are power series expansion in Q with
the even and odd powers of corresponding to bosons and fermions, respectively.
We now give give the expressions for the full partition functions in a more useful form.
With the explicit single particle partition functions in eq. (3.4), the large N pure YM
partition function is
ZYM(q) = Z˜YM(q) =
∞∏
k=1
(1− qk)3
(1 + qk)(c− qk)(c−1 − qk) (3.14)
where c = 2 +
√
3.11 For pure YM, there is no difference between twisted and thermal
partition functions by definition, since there are no fermionic states. Defining
1− zV (Q2)−NF zF (Q2) = Q
6 − 3Q4 − 4NfQ3 − 3Q2 + 1
(1−Q2)3 =:
P (Q)
(1−Q2)3 (3.15)
with Nf massless adjoint fermions, the thermal partition function is
ZQCD[Adj](Q) =
∞∏
k=1
(1−Q2k)3∏6
i=1
(
ri + (−Q)k
) , (3.16)
where Q = q1/2 = e−β/2R and ri with i = 1, 2, . . . , 6 are the six solutions of the equation
P (Q) = Q6 − 3Q4 − 4NfQ3 − 3Q2 + 1 = 0 (3.17)
Note that, due to the Q→ 1/Q T -reflection symmetry of the equation (3.17), the roots of
P (Q) come in reciprocal pairs. Organizing the roots as r4,5,6 ≡ 1/r1,2,3, we obtain
ZQCD[Adj](Q) =
∞∏
k=1
3∏
i=1
(1−Q2k)(
1 + ri(−Q)k
)(
1 + r−1i (−Q)k
) (3.18)
The exact expressions for the roots ri are given in appendix B.
As discussed above, the twisted partition function can be obtained by taking Q→ −Q
in the thermal partition function, and it is given as
Z˜QCD[Adj](Q) =
∞∏
k=1
3∏
i=1
(1−Q2k)
(1 + riQk)(1 + r
−1
i Q
k)
(3.19)
11The constant c = 2 +
√
3 appearing in the pure YM expression is a solution of (3.17) for the variable
q = Q2 with Nf = 0, along with −1 and 1/c.
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For completeness, note that the twisted partition function can also be written in terms
of elliptic functions as
Z˜QCD[Adj](L) = η
3
(
iL
4piR
)
η3
(
iL
2piR
) 3∏
i=1
[
r
1/2
i + r
−1/2
i
ϑ2
(
νi|e− L4R
)] , (3.20)
where e2iνi ≡ ri, and the derivation is given in appendix C. Here η(τ) = e ipiτ12
∏∞
n=1(1 −
e2ipiτn) is the Dedekind eta function and
ϑ2(u|eipiτ ) =
∞∑
n=−∞
ei(n+1/2)
2 piτe(2n+1)iu, (3.21)
with Q = e−
L
2R =: e2ipiτ .
4 Instabilities and their disappearance
Equipped with the exact formulas for the partition functions, we now discuss Hagedorn
instabilities. In this section we show that the bosonic and fermionic states have identical
asymptotics for Nf ≥ 1. As a consequence spatially-compactified adjoint QCD with Nf ≥ 1
does not have a Hagedorn instability. In contrast, the thermal theory has a Hagedorn
instability, as expected.
4.1 Thermal compactification and the Hagedorn instability
The Hagedorn instability shows up as a singularity in the partition function at β = βH ,
where βH is the first singularity encountered as β is lowered from infinity. The presence
of the Hagedorn instability signals that the system goes through a phase transition at a
temperature T ≤ TH ≡ β−1H . This phase transition is believed to be the deconfinement
transition of the gauge theory. On S3×S1 it was first explored in [1, 3], and was discussed
in the specific context of large N volume independence in [4].
The Hagedorn singularity arises when one of the roots ri is in the unit interval [0, 1)
and we hit a pole in (3.18) as we vary β. As the circle size is decreased from β = ∞ (or
Q = 0), the first singularity occurs when Q = r∗, where r∗ is the root closest to the the
origin on the unit interval. For the thermal compactification, we are guaranteed to have
such a root for any Nf ≥ 0, since P (0) = 1 and P (1) = −4(1 +Nf ) so that there is at least
one root r∗ ∈ [0, 1). Furthermore the first singularity of (3.18), r∗, is determined solely by
the k = 1 factor in the infinite product since for k > 1 the singularity is at (r∗)1/k > r∗.
The Hagedorn temperature is thus
βH = −2R log r∗ , (4.1)
and the asymptotic behavior of the thermal density of states is
ρ(E) ∼
(
1
r∗
)E/R
. (4.2)
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Number of flavors Nf = 0 Nf = 1 Nf = 2 Nf = 3 Nf = 4 Nf = 5
RTH 0.759 0.601 0.532 0.490 0.461 0.440
Table 1. Hagedorn temperatures (rounded to three digits) for the large N limit of on S3R × S1β
with Nf massless fermion flavors in the limit RΛ → 0 with anti-periodic boundary conditions for
fermions, so that S1 is a thermal circle.
This asymptotic behavior follows from the fact that the coefficient of a given term, say Qn,
in (3.18) is generated by an finite product of geometric series with k = 1, . . . , n and is of
the form
ρn =
∑
{−n≤k1,2,3≤n}
ck1,k2,k3 r
k1
1 r
k2
2 r
k3
3 (4.3)
with some constants ck1,k2,k3 , and the set of allowed ki’s is determined by a combinatorial
constraint. Then we see that asymptotically ρn ∼ (1/r∗)n. In fact, this leading asymptotic
is simply generated by the geometric series (1 − r∗Q)−1 in the infinite product (3.18),
which is consistent with the statement that the Hagedorn singularity is encoded in the
k = 1 factor in (3.18).
As explained in appendix B, the roots r∗ can be expressed analytically and they are
given in closed form as
Nf = 0 : r∗ =
√
2−
√
3 (4.4)
Nf = 1 : r∗ =
(
1
2
−
√
2 4
√
3
2
+
√
3
2
)
(4.5)
Nf ≥ 2 : r∗ = κ
2 + 2−√κ4 + 4
2κ
, κ ≡ (2Nf + 2√N2f − 2)1/3. (4.6)
The corresponding Hagedorn temperatures are given in table 1. Notice that with
increasing Nf , the Hagedorn temperature decreases, as expected, since adding more degrees
of freedom to the theory leads to a faster growth of density of states.
4.2 Spatial compactification and the disappearance of the Hagedorn insta-
bility
We now discuss the theory on a spatial circle, with periodic boundary conditions for the
fermions. The Euclidean path integral now computes the twisted partition function, Z˜,
given in (3.19). This is the setting in which we expect large N volume independence to
apply [4], so the Hagedorn instability should disappear. But getting rid of the Hagedorn
instability is hard. It is not enough for the leading exponential behavior of the bosonic
and fermionic density of states to be identical to get a twisted partition function without
singularities. There are an infinite number of subleading exponentially-growing terms in
the asymptotics of the bosonic and fermionic densities of states, and if any of them differ
there will still be a Hagedorn instability. We now show that the degeneracies between the
bosonic and fermionic states are sufficiently strong that this does not happen, and there
are no Hagedorn instabilities in the twisted partition function. The absence of instabilities
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Figure 1. (Color online.) This plot summarizes much of the paper. The red dots are singularities
of the thermal (top row) and twisted (bottom row) partition functions of adjoint QCD as a function
of complex temperature Q = e−L/2R for Nf = 1 (left column) and Nf = 2 (right column). The
absence of singularities on the positive real axis (except at Q = 1, corresponding to L = 0) is tied
to the absence of Hagedorn instabilities in the twisted partition function. The evident Q → −Q
symmetry relating the singularity structure of the twisted and thermal partition follows from (3.18)
and (3.19). For visual clarity we only show singularities arising from the first 30 terms in (3.18)
and the first 45 terms in (3.19).
as a function of L ∈ R+ in the twisted partition function is illustrated in figure 1, which
shows the locations of the poles in the twisted and thermal partition function as a function
of Q ∈ C.
With a spatial S1, the polynomials that appear in the denominator of Z˜ are P [(−Q)k],
and the singularities of Z˜ are determined by the roots of P˜ (Q) ≡ P (−Q),
P˜ (Q) = Q6 − 3Q4 + 4NfQ3 − 3Q2 + 1 = 0 . (4.7)
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Given that the polynomial Q6 − 3Q4 − 3Q2 + 1 = (Q2 + 1)(Q4 − 4Q2 + 1) has only one
root in [0, 1), and P˜ (0) = 1 and P˜ (1) = 4(Nf − 1) are both non-negative, we see that none
of roots of P˜ (Q) can be in [0, 1). In fact, due to the Q→ Q−1 symmetry of (4.7), the only
roots of P (Q) along the positive real axis can be at Q = 1. This is the case for Nf = 1. For
Nf > 1, P (Q) has no roots in the positive real axis at all. Furthermore, none of the factors
with k > 1 can produce singularities in [0, 1) either, since those singularities are given by
the 1/kth powers of roots of P˜ (Q), none of which are in [0, 1). Therefore we conclude that
the twisted partition function is singularity free for any L and reach our main conclusion:
Adjoint QCD on S3R×S1L with Nf ≥ 1 and periodic boundary conditions on S1L
does not have a Hagedorn instability and stays in the confined phase for any L
at N =∞.
We now give a physical explanation for this result by taking a closer look at the the
twisted and thermal partition functions. The coefficients of Qn in Z˜ count the number
of bosonic states minus the number of fermionic states at energy En = n/(2R), while in
Z they count the number of bosonic states plus fermion states. The states counted by
even powers of Q are purely bosonic, while states counted by odd powers of Q are purely
fermionic.12 Expanding the partition functions in Q with e.g. Nf = 1 yields
Z˜Nf=1(Q) = 1− 4Q3 + 6Q4 − 12Q5 + 28Q6 − 72Q7 + 168Q8 − 364Q9 + 828Q10 + · · ·
(4.8)
ZNf=1(Q) = 1 + 4Q
3 + 6Q4 + 12Q5 + 28Q6 + 72Q7 + 168Q8 + 364Q9 + 828Q10 + · · ·
(4.9)
The coefficients ρn of Q
n grow rapidly with n and reach their asymptotic behavior ρn ∼
(1/r∗)n quickly.
As illustrated in figure 3, where we plot the logarithms of dn for Nf = 2, the asymptotic
behavior of bosonic and fermionic density of states is identical. The sole difference between
the thermal and the twisted case is that
dtwistedn = (−1)ndthermaln (4.10)
where d
twisted/thermal
n are the coefficients of Qn. This is of course an obvious consequence of
the definitions. What is far less obvious a priori is that as illustrated in figure 3, it appears
that both the bosonic and fermionic degeneracy factors in the thermal partition function
can be thought as coming from the same smooth function of n, which becomes monotonic
past some n = n∗ (in the figure n∗ = 4). This apparent underlying function gets sampled
at even integers to give the bosonic degeneracies, and gets sampled at the odd integers
12The same result also follows from the fact that in the RΛ → 0 limit, the energy of a given
bosonic/fermionic state is simply given by the radial quantum number of the vector/spinor S3 spherical
harmonic function, i.e.
ωB,n =
n+ 1
R
, ωF,n =
n+ 1
2
R
Since Qn = e−2Lωn , even/odd powers of Qn correspond to bosonic/fermionic states respectively.
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Figure 2. Logarithms of the coefficients of Qn of the series expansion of the twisted partition
function Z˜(Q), with +/− signs for bosons/fermions. The coefficients of even/odd powers of Q are
boson/fermion degeneracy factors. We draw lines between successive data points as a visual aid
to make the oscillations easier to follow. The linearity of the envelope function means that the
bosonic and fermionic densities of states both have Hagedorn growth, while the symmetry of the
envelope function around zero is responsible for the elimination of Hagedorn instabilities in the
twisted partition function.
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Figure 3. Logarithms of the coefficients of Qn of the series expansion of the thermal partition
function Z(Q) for NF = 2. The bosonic and fermionic state degeneracy factors have identical
asymptotic scaling with n.
to give the fermionic degeneracies. If an analytic continuation of dn to a function f(n) of
n ∈ C were to be found explicitly and could be shown to be monotonic, it would be one
way to demonstrate that the bosonic and fermionic hadronic states are entirely degenerate
up to an offset due to the curvature for any Nf . We leave this challenging task to future
work, since in our view understanding the degeneracy pattern in terms of symmetries may
be more directly illuminating.
From figure 2 and figure 3 it is clear that the dtwistedn coefficients form an alternating
sequence with a symmetric envelope around zero. These oscillations, illustrated in figure 2,
are behind the disappearance of the Hagedorn instability for the spatial compactification.
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We note that this type of cancellation mechanism of bosonic and fermionic con-
tributions to the twisted partition function is rather different than the more familiar
“supersymmetry-like” fermion-boson cancellations, which occur within each given energy
level. The cancellations we see in adjoint QCD on S3 × S1 instead involve repeated can-
cellations neighboring levels of bosons and fermions. The same effect was seen in work on
misaligned supersymmetry [46–49], and we discuss the connection between adjoint QCD
and misaligned supersymmetry in section 4.4. Note however that the offset between the
bosonic and fermionic degeneracies which leads to the oscillations is due to the S3 curvature.
If RΛ & 1 the curvature should become unimportant, and the boson-fermion cancellations
should start taking place within each level if the theory still lacks a Hagedorn instability,
as discussed in [5].
4.3 Twisted Casimir energy in adjoint QCD
In this section we compute the twisted vacuum energy
C˜ = CB − CF (4.11)
where CB, CF are the vacuum energies due to the bosonic states and CF , which can be
computed from the behavior of the twisted partition function. Since we are working on
S3×S1, these vacuum energies can be thought of as Casimir energies on S3, motivating the
notation. The computation of Casimir energies C = CB +CF in large N gauge theories on
S3×S1 with thermal boundary conditions involves similar techniques but is more involved,
and is discussed in a separate paper [50].
To begin, recall that the physical states of this large N theory are single-trace opera-
tors, and their energies and degeneracies are counted by the twisted single-trace partition
function from (3.8)
Z˜ST[q] = −
∞∑
m=1
ϕ(m)
m
log
[
1− zV (qm) +NfzF (qm)
]
(4.12)
≡
∞∑
n=1
Dne
−Lωn (4.13)
and ωn = n/(2R) is the energy of the n-th mode with degeneracy Dn. Let us define
C˜(L) ≡ −1
2
∂Z˜ST
∂L
=
1
2
∞∑
n=1
Dnωne
−Lωn . (4.14)
Then the twisted Casimir energy13 can be formally written as
C˜ =
1
2
∞∑
n=1
Dnωn = −1
2
∂Z˜ST
∂L
∣∣∣
L=0
= C˜(0) . (4.15)
13We emphasize that this definition relies on using the N independent spectrum obtained after large N
limit being taken first. We thank O. Aharony, C.P. Herzog, and M. Yamazaki for discussions on this point.
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Of course this formal expression is divergent and has to be regularized and renormalized
to extract the physical quantity C˜. Thanks to the absence of any phase transitions as L
is varied, L˜(C) is well-defined for any L 6= 0, and can be viewed as defining as a spectral
regularization of the divergent sum in C˜. The structure of the singularities in the twisted
single-trace partition function is illustrated in figure 1 for Nf = 1 and Nf = 2. The absence
of any singularities on the positive real axis makes it easy to take the L → 0 limit above.
The situation is more subtle for thermal compactifications, see [50] for a full discussion.
Our renormalization prescription amounts to isolating the divergent part of C˜(L→ 0)
and extracting the L independent, finite part. The divergent part of C˜(L), which scales
with the UV cutoff µ as µ2/R214 is absorbed by a µ2
∫
d4x
√
gR counter-term, and since
the only divergence is a power law there are no issues with cutoff scheme dependence.
We now evaluate the twisted Casimir energy in two different ways. First, we use a
hybrid zeta function and heat-kernel-like regularization procedure to extract the finite part
of C˜(L → 0) analytically. Second, we directly evaluate C˜(L) numerically, and confirm
the findings of the analytical manipulations. The details of the numerical computation
are explained in appendix D. In both cases we find that the finite, L-independent part
of C˜(L → 0) vanishes and conclude that the twisted Casimir energy of adjoint QCD on
S3R × S1L at N =∞ and small R is zero for any Nf ≥ 1.
To compute C˜ we need to understand the L → 0 limit in (4.15), and to this end we
first isolate the part of the sum from (4.12) in ∂Z˜/∂L which is divergent:
1
4R
Q
∂
∂Q
log
[
1− zV (Q2m) +NfzF (Q2m)
]
=
1
2R
(
3mQ2m(2NfQ
m − 2Q2m +Q4m − 1)
Q2m(4NfQm − 3Q2m +Q4m − 3) + 1
)
+
3
2R
mQ2m
1−Q2m (4.16)
We can take Q = 1 in the first term since the divergent part is isolated in the second
term.15 Doing so, we arrive at the expression
C˜(L→ 0) = − 3
4R
∞∑
m=1
ϕ(m)− 3
2R
lim
L→0
∞∑
m=1
ϕ(m)
Q2m
1−Q2m . (4.17)
Both of these expressions are formally divergent. Regulating the first term using the zeta-
function identity
∑∞
m=1 ϕ(m)m
−s = ζ(s − 1)/ζ(s), and using a Lambert series identity∑∞
m=1 ϕ(m)q
m/(1− qm) = q/(1− q)2 for the second term, leads to the result
C˜(L→ 0) = − 3
4R
ζ(−1)
ζ(0)
− 3
2R
lim
L→0
Q2
(1−Q2)2
= −3 ζ(−1)
4 ζ(0)R
+
1
8R
− 3R
2L2
= − 3R
2L2
+ 0× L (4.18)
14The absence of a µ4 divergence is itself quite interesting. See [51] for a related recent discussion in the
context of supersymmetric QFTs.
15For Nf = 1, the separation of the divergent and finite part in (4.16) is different. However the Nf
dependence drops out in the final answer for the twisted Casimir energy for arbitrary Nf . So, taking
Nf = 1 at the end of the calculation, as presented above, is safe.
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The fact that the L-independent term vanishes yield the conclusion that the twisted Casimir
energy vanishes.
Two remarks about the calculation above are in order. First, in principle, one might
be worried about the algebraic manipulations such as splitting terms in formally divergent
sums and regularizing them individually. This is not an issue because C˜(L) is finite for any
finite L. Moreover, even if (4.16) is not viewed in the context of being embedded in the
regularized expression C˜(L), note that both of the regularizations leading to (4.18) involve
cutoff functions which only depend on the energy spectrum, justifying the manipulations.
Second, one might be concerned that the L−2 terms in the analytical calculation above
and in the numerical computation in appendix D are different. This is not issue, because
only the finite L-independent terms are physical and regulator independent. The divergent
pieces do not have to agree if different regulators are used. The numerical calculation
extracts C˜ directly from the scaling of C˜(L) at small L, while the analytic calculation brings
in a zeta function along the way, which amounts to a modification of the regularization
scheme and a corresponding difference in the coefficients of the divergent pieces in the two
computations.
The underlying physical reason for the remarkable result that the twisted Casimir
energy is zero is not known to us, but presumably it is a consequence of previously un-
recognized symmetries of large N adjoint QCD, as are the rest of our results. We note
that it is actually expected from the fact that the twisted partition function of (3.11) has
a T -reflection symmetry with a zero vacuum energy, as noted in [43]. A more detailed ex-
ploration of the very interesting interplay between T -reflection symmetry and the vacuum
energy of confining large N gauge theories on S3 × S1 is discussed in [50].
4.4 Relation to misaligned supersymmetry
We have seen that the way spatially compactified adjoint QCD on S3 × S1 escapes the
Hagedorn instability involves cancellations between the bosonic and fermionic densities of
states, both of which grow exponentially, and the cancellations arise due to an oscillation
between the number of bosonic and fermionic states at successive excitation levels.
These cancellations fit the framework of ‘misaligned supersymmetry’ developed in [47–
49]. These papers explored the structure of the partition functions of perturbative fun-
damental closed string theories. Consistent closed string theories are always modular-
invariant, but may or may not have spacetime supersymmetry. Refs. [47–49] pointed out
that modular invariance along with the absence of tachyons implies certain intricate pat-
terns of relations between the degeneracies of bosonic and fermionic states. These relations
imply that the leading exponentially-growing parts of the bosonic and fermionic densities
of states in the closed string theories cancel against each other in the twisted partition
function. With spacetime supersymmetry, the cancellations occur within each level. More
generally, however, for modular-invariant string partition functions without spacetime su-
persymmetry, these cancellations are due to sign-oscillating mismatches between bosonic
and fermionic state degeneracies [47–49]. Typically at a given level there is a net excess of
bosons, at the next level there is a (bigger!) net excess of fermions, then at the next level
a bigger-still excess of bosons, and so on. The reason Hagedorn growths can cancel in the
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Figure 4. Plot of the Nf = 2 partition function on S
3
R × S1L when RΛ  1, which illustrates the
lack of invariance under L → cL for any c > 0. The fact that the confined-phase twisted partition
function is well-defined and continuous for any L ∼ N0 is a consequence of massive cancellations
between bosons and fermions.
twisted partition function even in such a setting is the existence of an infinite number of
states in the theory, and any naive field-theoretic-type cutoff would ruin the cancellations.
So misaligned SUSY is a characteristically string-theoretic phenomenon. We also note that
misaligned supersymmmetry can also imply the vanishing of super-traces which contribute
to the cosmological constant and its divergences [52].
Such oscillating cancellations between bosonic and fermionic states are exactly what
we have seen in our analysis. In this sense, large N adjoint QCD on S3 × S1 with Nf ≥ 1
appears to give the first known field-theoretic realization of the string-theoretic idea of
misaligned supersymmetry. This raises many interesting questions. For instance, in the
analysis of [47–49] the modular invariance of the partition functions of string theories
played a starring role. Large N gauge theories are believed to be describable as some
kind of weakly-coupled string theories, so if adjoint QCD enjoys a realization of misaligned
supersymmetry, one might wonder whether its partition function enjoys some form of
modular invariance. If the partition function were to be modular invariant, the would yield
an underlying reason for the pattern of cancellations. We now explore this possibility.
Modular invariance of a partition function Z for a theory on a spatial circle implies
Z(τ) = Z(τ + 1) = Z(−1/τ) (4.19)
where τ is defined through Q = e2piiτ = e−
L
2R . Hence modular invariance implies Z(L) =
Z[(4piR)2/L], which is a manifestation of T -duality. However, the twisted partition func-
tion (3.19) does not have modular invariance. The simplest way to see this is to observe
that Z˜(L) does not have the right shape for modular invariance, as is illustrated in figure 4,
since it has different limits for L → 0 and L → ∞, approaching 0 and 1 respectively. We
can also see the lack of modular invariance algebraically. By using the modular properties
– 19 –
J
H
E
P
0
7
(
2
0
1
5
)
0
1
6
of the Dedekind function, and Jacobi’s transformation identities for the theta functions, it
can be shown that under the two generators of SL(2, Z) modular transformations
T : τ → τ + 1 S : τ → −1/τ (4.20)
where τ is assumed to be in the upper half-plane, the full partition function transforms as
Z˜QCD[Adj](τ + 1) = Z˜QCD[Adj](τ) (4.21)
Z˜QCD[Adj](−1/τ) = (−iτ)3/2
η3(τ/2)
η3(2τ)
( 3∏
i=1
eiτν
2
i /piϑ2(νi|eipiτ )
ϑ4(τνi|eipiτ )
)
Z˜QCD[Adj](τ) (4.22)
where e2iνi = ri. This means that the partition function of large N adjoint QCD on S
3×S1
is not invariant under the SL(2,Z) modular group, nor does it transform as a modular
form. However, as discussed extensively in e.g. [47], closed string partition functions are
made from special combinations of both holomorphic and antiholomorphic (in τ) modular
functions. As a result the modular invariance of closed string theories is intimately related
to the fact that string partition functions include contributions from ‘off-shell’ states with
m 6= n where (m,n) are the world-sheet energies of (left, right) moving states. Such states
do not appear in field theory, so one should not normally expect that modular invariance
would show up in any simple way in a field theory partition function, even if the field theory
has a dual description as a string theory with modular invariance.16 Nevertheless, it would
be interesting to explore whether our results are some sort of field-theoretic remnant of
misaligned supersymmetry in the string dual of adjoint QCD.
Of course, we are dealing with a weakly-coupled limit of adjoint QCD, so the phenom-
ena we are seeing should have a description directly within field theory in any case. While
it would be wonderful to understand the string theory dual of the adjoint QCD, there
should be no need to do this to understand the pattern of degeneracies between bosonic
and fermionic states that we have seen. In the next section we make some remarks on
how our results may be understood directly in field theory through emergent fermionic
symmetries.
5 Emergent fermionic symmetries in adjoint QCD on S3 × S1
In this section we comment on the relation between our results and the notion of emergent
fermionic symmetries in the large N limit. Understanding these relations is especially
important for seeing whether our results will continue to hold once we move away from the
RΛ→ 0 limit, where λ→ 0.
5.1 Nf = 1
SU(N) massless adjoint QCD in flat space with Nf = 1 has N = 1 supersymmetry, since it
is just N = 1 super-Yang-Mills theory. However, the supersymmetry is broken on S3 × S1
due to the curvature couplings. On a curved generic manifold there are no covariantly
16We thank K. Dienes for explaining this to us.
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constant spinors, so there is no way to define conserved supercharges. The exception is
when the compactification manifold has enough isometries and the field theory has a non-
anomalous continuous R symmetry.17 In general, 4D N = 1 SUSY QFTs have a classical
U(1)R global symmetry. When a 4D N = 1 theory is compactified on S3R × R, the SUSY
algebra is modified from its flat-space form to (see e.g. [53]):
{Qα, Q¯α˙} = 2iσµαα˙∂µ −
2
R
σ0nR (5.1)
Here nR =
∫
d3x j0R is the charge operator associated with the U(1) R-current jµR. Under
the R symmetry, gauge fields have charge zero, while the Weyl fermions have charge 1.
Hence when there is an unbroken continuous R symmetry in the full quantum theory,
supersymmetry is preserved on S3×R and on S3×S1 with periodic boundary conditions.
This setup does not work for N = 1 SU(N) SYM, since it suffers from a chiral anomaly
that breaks U(1)R → Z2N . So there is no continuous R symmetry.18 As a result the
classical supersymmetry of Nf = 1 SU(N) adjoint QCD on S
3
R×R or S3R×S1L suffers from
an anomaly, and the theory has no fermionic symmetries except in the R4 limit.
This raises a puzzle, because Nf = 1 adjoint QCD on S
3
R × S1L with RΛ  1 has
unbroken center symmetry for any L ∼ N0, enjoys large N volume independence, and
has no Hagedorn instabilities for any L. The absence of Hagedorn instabilities is due to
conspiracies between the bosonic and fermionic densities of states which amount to relations
between degeneracies and energies of an infinite number of bosonic and fermionic states.
As argued in the introduction and in [5], this seems to call for a symmetry. And yet we
have just said that the SU(N) Nf = 1 theory definitely has no fermionic symmetries. What
is going on? We now argue that the resolution of the puzzle is that there is an emergent
large N fermionic symmetry.
Recall that the chiral anomaly for the would-be conserved current jRµ is
∂µjRµ =
λ
16pi2
TrFµνF˜
µν (5.2)
This anomaly equation has no manifest 1/N suppression factors, and U(1)R breaking
appears to be unsuppressed at large N . While this is true, there are some important
subtleties on S3R × S1L with RΛ 1, the regime in which we are working. Note that these
subtleties can be argued to be negligible strictly at RΛ→ 0, but become important as soon
as we allow λ to be finite.
It is useful to recall the reason for the anomaly breaking pattern U(1)R → Z2N . The
origin of the unbroken Z2N factor lies in the fact that the right-hand side of the anomaly
equation is a total derivative, and is only non-zero on instanton field configurations with
17Then one can define a ‘twisted’ subgroup of the Lorentz symmetry which lives in a diagonal subgroup
of isometry transformations and R symmetry rotations, and at least some fraction of the original super-
symmetry can be preserved in the compactified theory. For discussions of how this works for theories with
N ≥ 1 supersymmetry on S3 × R and S3R × S1L see [53–56].
18On R4, there is a further spontaneous breaking of the non-anomalous part of the R-symmetry down
to Z2.
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non-zero topological charge Q.19 But in the Nf = 1 theory the instantons carry 2N |Q|
fermion zero modes, and generate effective ’t Hooft vertex interactions for the fermions
which break U(1)R but are invariant under its Z2N subgroup. So the interacting theory
only enjoys the Z2N symmetry. On the one hand, at large N , a Z2N symmetry ought to
have the same power as a U(1) symmetry, up to 1/N corrections. This makes it appear
that the anomaly is suppressed at large N . On the other hand, the anomaly cannot be
suppressed, because the r.h.s. of eq. (5.2) is unsuppressed relative to the l.h.s.
Despite first appearances, these observations are not in conflict with each other. To
get a non-vanishing contribution from the right-hand side of eq. (5.2) one must consider
correlation functions with enough fermion operators to saturate the 2N |Q| zero modes. Let
us call color-singlet operators with & N1 fermionic operators inside the color trace ‘heavy’,
and call operators which have ∼ N0 fermions ‘light’. The fact that this distinction can be
made relies on the fact that in the regime we are considering, RΛ  1, there is no chiral
condensate, so there is no spontaneous breaking Z2N → Z2. So it makes sense to classify
operators by their Z2N charge when RΛ 1.20 It does not make sense to do so if RΛ & 1,
because then the Z2N symmetry becomes spontaneously broken due to the formation of a
gluino condensate.
The N -independence of the right-hand side of eq. (5.2) means that for heavy states
the R-symmetry is irredeemably broken. There is no reason to expect their energies and
degeneracies to be related to each other by any fermionic symmetry. But consider states
whose interpolating operators are light. Correlators of light operators cannot saturate the
instanton zero modes, so for these states the Z2N symmetry gives non-trivial relations. At
large N , as far as these light states are concerned, the theory enjoys a U(1)R symmetry.
These light states are precisely the ones that are important throughout our analysis of
partition functions with L ∼ N0.21 So when acting on states that remain light at large N ,
the SUSY algebra in eq. (5.1) is anomaly-free up to 1/N corrections.
The punchline should now be clear: Nf = 1 adjoint QCD on S
3× S1 has an emergent
fermionic symmetry in the large N limit, even when λ is finite and RΛ is not sent to zero,
so long as RΛ . 1 and there is no gluino condensate. Not coincidentally, we expect that
it also enjoys large N volume independence, with no Hagedorn instabilities in the twisted
partition function thanks to massive cancellations between bosonic and fermionic densities
19In the ’t Hooft large N limit, at N = ∞ there is no spontaneous breaking of the gauge group to the
Cartan subgroup, even in a confining background, so we do not expect well-defined monopole-instanton
field configurations with fractional topological charge to appear and interfere with our argument.
20To see this recall that the fermions have a effective curvature-induced R-symmetry-preserving mass
1/(2R). This implies that e.g. the two-point correlation function falls off exponentially:
〈λλ(t)λλ(0)〉 ∼ e−t/(2R) (5.3)
So there is no long-range order, meaning that there is no spontaneous breaking of the discrete remnant of
the R symmetry. Note as well that the absence of spontaneous symmetry breaking is not happening for
trivial Coleman-Mermin-Wagner reasons, since we are working at large N .
21If L ∼ N−1, states with energies of order N start to participate in the partition function, and volume
independence is expected to be lost on very general grounds. This fits nicely with our discussion here: the
emergent symmetry should stop being effective once L becomes of order 1/N .
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of states, even when RΛ is finite. We have explicitly verified this expectation in limit
RΛ→ 0 in the preceding sections.
When RΛ  1, we expect a gluino condensate to form, which invalidates our ar-
guments for an emergent supersymmetry. Hence one expects an explicit breaking of the
supersymmetry. However, this breaking should be suppressed by powers of e−RΛ, and su-
persymmetry will be restored in the flat-space limit. When RΛ . 1, we just argued that
at N = ∞ supersymmetry will be an emergent symmetry. What is left unclear is what
happens when RΛ ∼ 1 at N = ∞. In this regime one would expect that Z2N will break
to Z2 due to the formation of a gluino condensate, and the arguments we gave above no
longer apply. Whether this can be accompanied by a breakdown of the sort of cancellations
we have seen in our analysis is beyond the scope of this paper.
5.2 Nf > 1
The relations we saw between the spectrum of bosonic and fermionic hadronic excitations in
adjoint QCD on S3×S1 are very similar for Nf = 1 and Nf > 1. Here we comment on the
symmetries of adjoint QCD for Nf > 1. First, note that at the microscopic level, adjoint
QCD has 2(N2−1) bosonic degrees of freedom (from the gluons) and 2Nf (N2−1) fermionic
ones (from the quarks). Once Nf > 1, something more exotic than the story in section 5.1
is necessary due to the mismatch in the number of microscopic degrees of freedom. It
seems that any emergent fermionic symmetry could not be a standard supersymmetry.
What could it look like?22
At the moment we can only make a suggestive observation in this direction. In the
preceding sections we saw that the λ → 0 limit of adjoint QCD on S3 × S1 is already
very interesting, with many of the features of the λ > 0 theory (such as confinement)
remaining qualitatively preserved. With this as an inspiration we examine the λ = 0 limit
of adjoint QCD in flat space and show that it has a fermionic symmetry for any Nf ≥ 1.
The Lagrangian density of the theory is
L = 1
g2
Tr
[
− 1
2
F 2 + 2i
Nf∑
a=1
(
ψ aα˙σ
µα˙αDµψaα
)]
(5.4)
where ψaα, a = 1, . . . , Nf , α is a spinor index is an adjoint Weyl fermion, and Fµν =
∂µAν − ∂νAµ − i[Aµ, Aν ], Dµψa = ∂µψa − i[Aµ, ψa]. The equations of motion are
DµF
µν =
[
ψ aα˙σ
να˙α, ψa,α
]
, σ µα˙αDµψaα = 0 . (5.5)
We now exhibit field variations that lead to a fermionic symmetry in the λ = 0 limit for
any Nf ≥ 1. The variations are proportional to Nf infinitesimal Weyl fermion parame-
22We are very grateful to D. Dorigoni for collaboration on the material in this section at an early stage.
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ters  a, a:
δAµ(x) = − 1√
2
[
 aα˙σ
µα˙αψaα(x) + ψ
a
α˙(x)σ
α˙α
µ aα
]
(5.6)
δψaα(x) =
−i
2
√
2
σµ
αβ˙
σ νβ˙βaβ Fµν(x) (5.7)
δψ aα˙(x) =
+i
2
√
2
 a
β˙
σ νβ˙ασµαα˙ Fµν(x) (5.8)
Note that for Nf = 1 these are simply the λ = 0 limit of the standard on-shell N = 1
SUSY transformations. To check the variation of the action, we write
δL = δL|gauge + δL|fermion (5.9)
where
δL|gauge = −1
2
Tr
[
2Fµνδ(F
µν)
]
(5.10)
and
δL|fermion = 2iδ
(
Tr
[
ψ aσ µDµψa
])
(5.11)
= 2iTr
[
δ(ψ a)σ µDµψa
]
+ 2iTr
[
ψ aσ µDµδ(ψa)
]
+ 2iTr
[
ψ aσ µi[δ(Aµ), ψa]
]
= 2iTr
[
δ(ψ a)σ µ∂µψa
]
+ 2iTr
[
ψ aσ µ∂µδ(ψa)
]
(5.12)
and in the last line we passed to the λ→ 0 limit.
One can next verify that
δL|gauge = ∂µ Tr
[
2
2
√
2
Fµν
aσ¯νψa
]
− Tr
[
2
2
√
2
(DµFµν)
aσ¯νψa
]
+ h.c. , (5.13)
while
δL|fermion = ∂µ Tr
[ −1
2
√
2
 aσ νσα Fανσ
µψa + h.c.
]
+ Tr
[
2
2
√
2
 aσ ν∂αFανψa
]
+ Tr
[
2
2
√
2
ψ aσ ν∂αFανa
]
(5.14)
where we used
σ νσασ µ = −ηνµσ α + ηαµσ ν + ηνασ µ + iναµκσ κ (5.15)
twice.
So acting on L, the field variations above lead to
δL = ∂µGµ (5.16)
where
Gµ = Tr
[
2
2
√
2
Fµν aσ¯νψa
]
+ Tr
[ −1
2
√
2
 aσ νσα Fανσ
µψa
]
+ h.c. , (5.17)
so that the variation of the action is a total derivative. This means that these field variations
are associated with a fermionic symmetry, with Nf spin-3/2 Noether currents
Jµκ˙a =
1√
2
Tr
[
Fρν(σ
νσρσ µψa)
κ˙
]
. (5.18)
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One can easily verify that these Noether currents are conserved at λ = 0: ∂µJ
µ
a vanishes
on-shell by using (5.5). Hence there are 4Nf conserved fermionic charges in the λ = 0 limit
of adjoint QCD, in flat space.
While it is amusing that there is a fermionic symmetry in flat-space adjoint QCD at
λ = 0, this observation raises two obvious questions. First, it would be very interesting to
work out how this fermionic symmetry behaves on S3×S1 in the limit RΛ 1. To answer
this question one would first need to understand the full symmetry algebra generated by
the combination of the fermionic charges, the bosonic flavor charges, and the Poincare
charges. An answer to this question with λ = 0 should already be quite interesting since
it seems quite unlikely that such a symmetry algebra could be a standard superalgebra.
Indeed, there are reasons to suspect that the full symmetry algebra may end up being
infinite-dimensional.23 Second, it would be even more interesting to understand whether a
generalization of this kind of symmetry can survive at λ 6= 0 in the large N limit of adjoint
QCD. An exploration of some of these issues is now in progress [57].
6 Conclusions
We have studied adjoint QCD in the large N limit on S3R×S1L in the weakly coupled limit
RΛ  1. Despite being weakly coupled, these theories have all of the features one would
expect from any well-to-do confining large N theory, with a Hagedorn spectrum of stable
hadrons created by single-trace operators. We have found that the bosonic and fermionic
density of states have a Hagedorn growth. Nevertheless, the bosonic and fermionic states
appear to be essentially degenerate up to a curvature-driven misalignment for any Nf ≥ 1
as discussed in section 4. The spatially compactified theory was explicitly shown to have
no Hagedorn instabilities due to enormous cancellations between bosons and fermions.
Our analysis shows that adjoint QCD stays in the confining phase persists of any L, and
hence enjoys large N volume independence for any L. We also found that the difference
of bosonic and fermionic Casimir energies vanishes.24 As discussed in section 4.4 large
N adjoint QCD on S3 × S1 appears to provide a field theoretic example of the idea of
misaligned supersymmetry from string theory.
Our results involve conspiracies between the energies and degeneracies of all of the
bosonic and fermionic hadronic excitations. This is quite surprising, since the family of the-
ories we consider is not supersymmetric at any finite N , and so cannot have any fermionic
symmetries at finite N . Since our results are obtained in the large N limit, rather than
at finite N , they cry out for an explanation in terms of an emergent fermionic symmetry
large N , as advocated in [5]. We have shown that such a symmetry emerges for Nf = 1,
as discussed in section 5, while for Nf > 1 we were only able to make some preliminary
observations.
The analysis we have done takes essential advantage of the RΛ  1 weak-coupling
limit, and it is not clear how to generalize it to study the decompactified regime RΛ & 1,
23We are very grateful to S. Dubovsky for alerting us to this possibility and for related discussions.
24In [50] it is shown that the sum of the Casimir energies also vanishes at N =∞ in the confined phase,
and these two observations taken together imply that these Casimir energies are actually separately zero.
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where the theory becomes strongly coupled. Understanding what happens with large N vol-
ume independence once RΛ & 1 presumably requires different techniques, such as numerical
lattice calculations, or a refined understanding of the large N symmetries of adjoint QCD.
Indeed, the most pressing direction for future work is understanding whether (and
if so, how) fermionic symmetries emerge at large N in Nf > 1 adjoint QCD, either on
S3 × S1 or directly on R4. The stakes are high: historical experience with supersymmetry
shows that fermionic symmetries can be very powerful, and given the very close relationship
between adjoint QCD and a sensible large N limit of real-world QCD [58, 59], finding such
symmetries in adjoint QCD could be very useful both theoretically and phenomenologically.
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A Single particle partition functions
In this appendix, which is included to make the paper as self-contained as possible, we
give the derivation of the standard expressions [1–3] for the free single particle partition
functions for scalar, fermion, and Maxwell fields25 on S3 × S1.
The idea of the derivation is to use the conformal symmetry of the λ = 0 theory to
map a state with energy E on S3 × R to a local operator on R4 with dimension ∆ = E.
With this state-operator mapping, the problem boils down to counting operators with a
given dimension ∆. These operators are the conformal descendants Y(n) of a given primary
field Y satisfying the condition
Y(n) = ∂α1∂α2 · · · ∂αnY . (A.1)
For a primary Y ≡ Y(0) with dimension ∆Y , the scaling dimension of the descendant Y(n)
in (A.1) is ∆n = ∆Y + n. Then the single particle partition function associated with Y
can be written as
zY (q) =
∑
∆
d∆q
∆ = q∆Y
∞∑
n=0
dnq
n (A.2)
where q = e−β/R. We now need to compute dn to determine zY (q). In doing this, it is
important that the contributions of operators that include the equation of motion, DY = 0,
be subtracted from the partition function since
Y EOM(n) = ∂α1∂α2 · · · ∂αn(DY ) = 0 . (A.3)
25There are some typos in the vector partition function in [1].
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For conformally-coupled scalars and fermions, this is the only constraint that must be taken
into account in computing the single-particle partition functions, while for Maxwell fields
there are additional constraints from gauge invariance, which we discuss separately.
Taking the equation of motion subtraction is easy to do after observing that the de-
generacy of the level-n descendant of DY is identical to the degeneracy of the level-n
descendants of Y with a shift in the dimension by the mass dimension of the operator D
which defines the equation of motion, [D]. Or, in short, ∆(Y EOM(n) ) = [D] + ∆Y + n. Then,
the single particle partition function becomes
zY (q) = q
∆Y
(
1− q[D]) ∞∑
n=0
dˆnq
n (A.4)
where dˆn counts the number of different operators of the form (A.1) without any restriction.
The number of different combinations of ∂α1 . . . ∂αn is
(n+3)!
n! 3! .
26 Labeling the number of
internal degrees of freedom of Y as NY we obtain
dˆn = NY (n+ 3)!
n! 3!
. (A.5)
Consequently we arrive at the result
zY (q) = NY
q∆Y
(
1− q[D])
(1− q)4 (A.6)
This expression holds for fermions and scalars. Specializing to a conformally-coupled free
real scalar φ, we have ∆φ = 1, Nφ = 1, and the operator defining the equation of motion
is the Laplacian with [∇2] = 2. Hence
zφ(q) =
q + q2
(1− q)3 . (A.7)
For a free Majorana fermion, we set ∆ψ = (d− 1)/2 = 3/2, and use Nψ = 2d/2 = 4. With
[ /D] = 1 for the Dirac operator, we obtain
zψ(q) =
4 q3/2
(1− q)3 . (A.8)
For a Maxwell gauge field, in addition to the constraint that follows from equation of
motion, an additional constraint from gauge fixing has to be imposed on the operators.
Let us again start with the most general descendant of the gauge field Aµ which has
dimension n+ 1,
∂α1 · · · ∂αnAµ . (A.9)
There are 4 (n+3)!n! 3! such operators, where NAµ = 4 since there are 4 components of the
gauge field. We now fix the gauge and project out the non-gauge-invariant operators. It is
convenient to work in the so-called “radial gauge” where
Aα1 = 0 , ∂α1Aα2 + ∂α2Aα1 = 0 , · · · ,
∑
permutations
∂α1 · · · ∂αnAαn+1 = 0 . (A.10)
26In d dimensions one gets (n+d−1)!
n! (d−1)! .
– 27 –
J
H
E
P
0
7
(
2
0
1
5
)
0
1
6
It is easy to see that these constraints project-out all non-invariant states, at levels n = 0
and n = 1. For n = 0, Aµ is not invariant, and should be projected out. For n = 1, there
would naively be 16 descendants of Aµ. But the only single-derivative gauge-invariant ob-
ject is the field-strength tensor, Fµν . Subtracting the symmetric combination of derivatives
and vector indices in (A.10) from those appearing in (A.9) leaves only the antisymmetric
combination, Fµν .
The number of symmetric combinations given in eq. (A.10) with dimension n + 1 is
simply (n+4)!(n+1)! 3! . Therefore, the off-shell vector partition function is
zoff-shellV (q) =
∞∑
n=0
(
4
(n+ 3)!
n! 3!
− (n+ 4)!
(n+ 1)! 3!
)
qn+1 =
4q − 1
(1− q)4 + 1 . (A.11)
We still have to project out the operators nullified by the equation of motion, ∂µFµν = 0,
from eq. (A.11). This procedure can be carried on in two steps. First, we identify the
family of gauge fixed descendants that are nullified by the equation of motion:
∂µ(∂µAν − ∂νAµ) = 0 , · · · , ∂α1∂α2 · · · ∂αn∂µ(∂µAν − ∂νAµ) = 0 , · · · . (A.12)
The number of such operators with dimension n+1 is 4 (n+1)!(n−2)! 3! , which follows from counting
the number of symmetric combinations of n−2 derivatives and multiplying it by the number
of components of Aµ. However, not all of the constraints in eq. (A.12) are independent.
Because Fµν is antisymmetric in its two indices, any symmetric contraction one of the
extra derivatives hitting the equation of motion in a descendant will identically vanish
independently of the equation of motion, i.e.
∂µ∂ν(Fµν) = 0 , · · · , ∂α1∂α2 · · · ∂αn∂µ∂ν(Fµν) = 0 . · · · . (A.13)
The second step is to add these terms back to correct for the double counting. The number
of these descendants at level n+1 is n!(n−3)! 3! which is the number of symmetric combinations
of n− 3 derivatives that hit ∂µ∂νFµν . We then find that
zEOMV (q) =
∞∑
n=1
(
4
(n+ 1)!
(n− 2)! 3! −
n!
(n− 3)! 3!
)
qn+1 =
(4− q)q3
(1− q)4 . (A.14)
Putting everything together, the vector single particle partition function is obtained as
zV (q) = z
off-shell
V (q)− zEOMV (q) =
∞∑
n=1
2n(n+ 2)qn+1 =
2(3− q)q2
(1− q)3 (A.15)
B Analytic expressions for Hagedorn temperatures
In this appendix, we give the analytical expression for the roots that encode the singularities
of the thermal and twisted partition functions given in eqs. (3.18) and (3.19). As explained
in section 4.1, the closest root to the origin along the real axis controls the Hagedorn growth
of the density of states. In the thermal compactification, this closest root, r∗, also controls
the Hagedorn temperature, TH , via the relation TH = − 12R log r∗ .
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For the thermal compactification, the relevant polynomial whose roots encode the
singularities for the thermal compactification, given in eq. (3.17), is P (Q) = Q6 − 3Q4 −
4NfQ
3 − 3Q2 + 1. The Q ↔ Q−1, T -reflection symmetry forces the roots to come in
reciprocal pairs, which we label as {ri, r−1i } with i = 1, 2, 3. It is also useful to define
Ri = ri +
1
ri
, i = 1, 2, 3 . (B.1)
Writing the equation for the roots as
0 = P (Q) =
3∏
i=1
(Q2 −RiQ− 1) (B.2)
leads to the set of equations
3∑
i=1
Ri = 0 ,
∏
1≤i<j≤3
RiRj = −6 ,
3∏
i=1
Ri = 4Nf . (B.3)
Solving eqs. (B.3) simultaneously, for Nf ≥ 2, we arrive at the expressions
r1 =
κ2 + 2−√κ4 + 4
2κ
r2 = − 1
16κ2
[
κ3 + 2κ− 2√η + ((κ3 + 2κ− 2√η)2 − 16κ4)1/2]
r3 = − 1
16κ2
[
κ3 + 2κ+ 2
√
η − ((κ3 + 2κ+ 2√η)2 − 16κ4)1/2] (B.4)
where
κ ≡ (2Nf + 2√N2f − 2)1/3 (B.5)
η ≡ 3(κ4 −Nfκ3 − κ2 + 2) . (B.6)
Among these roots and their reciprocals, the one closest to origin along the real axis is r1.
For Nf = 1, there is a further simplification. The polynomial P (Q) can be factored as
P (Q) = (1 +Q)2(1− 2Q− 2Q3 +Q4) (Nf = 1) , (B.7)
and has roots
r1 =
1
2
−
√
2 4
√
3
2
+
√
3
2
r2 =
1
2
− i
4
√
3√
2
−
√
3
2
= −ei sin−1(31/4/
√
2) (Nf = 1)
r3 = −1 (B.8)
with their reciprocals. For spatial compactification, the leading singularity is −r1 and it
is on the negative real axis. The rest of them can be obtained by substituting Nf → −Nf
in (B.4) and their reciprocals.
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C The representation of the twisted partition function in terms of elliptic
functions
The T -reflection symmetry of the twisted partition function allows one to express it in
terms of elliptic functions. To see this, let us start with the infinite product form given
in eq. (3.19). For such a representation, it is convenient to use the variables ξ ≡ Q1/2 =
e−
L
4R ≡ eipiτ , ri ≡ e2iν , where ri and r−1i are the roots of P (Q) given in (3.17). The
denominator of the twisted partition function can be written as
3∏
i=1
∞∏
k=1
(1+riξ
2k)(1+r−1i ξ
2k) =
( ∞∏
m=1
1
(1−Qm)3
) 3∏
i=1
∞∏
k=1
[(
1+2 cos(2νi)ξ
2k+ξ4k
)
(1−ξ2k)]
=
(
Q
1
8
η3(τ)
) 3∏
j=1
[
ϑ2(νj |eipiτ )
2 cos(νj)ξ1/4
]
=
Q−
1
4
η3(τ)
3∏
j=1
ϑ2(νj |eipiτ )
r
1/2
j + r
−1/2
j
,
(C.1)
where we have used the Jacobi triple product to obtain the theta function. The numerator
can also be expressed in terms of the Dedekind eta function,
∞∏
k=1
(1−Q2k)3 = Q−1/4η3(2τ) . (C.2)
Putting everything together, we obtain our final result
Z˜QCD[Adj] = η
3(2τ)η3(τ)
3∏
j=1
[
r
1/2
j + r
−1/2
j
ϑ2(νj |Q1/2)
]
. (C.3)
Note that the above expression can be simplified further when Nf = 1. In fact, due to
the double root Q = −1 for Nf = 1, the formula (C.3) should be used with care. Let us
analyze this case explicitly. Using the expressions for the roots give in (B.8), we can write
Z˜Nf=1 =
∞∏
m=1
(1−Q2m)3
2∏
i=1
∞∏
k=1
1
(1−Qm)2(1 + riQk)(1 + r−1i Qk)
= η3(2τ)
2∏
j=1
[
r
1/2
j + r
−1/2
j
ϑ2(νj |Q1/2)
]
=
√
6 η3(2τ)
ϑ2
(
i
2 log
(
1
2−
4√3√
2
+
√
3
2
)|Q1/2)ϑ1(12 sin−1 ( 4√3√2 )|Q1/2) , (Nf = 1) (C.4)
where we used the identity ϑ1(z|eipiτ ) = −ϑ2
(
z + pi2 |eipiτ
)
.
D Numerical computation of the twisted Casimir energy
We compute C numerically. If we cut off the infinite sum in (4.12) at some high n = M ,
then C(L) rapidly becomes insensitive to M except at low L. Accessing lower L requires
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Figure 5. Behavior of L2C(L) at small L for Nf = 2 (as an example) as a function of a cutoff M
on the upper end of the sum in (4.12).
Nf = 1
M CR C1 C2R σ
5.00× 102 2.74× 10−2 1.94× 10−3 1.12 2.53× 10−7
8.00× 102 4.64× 10−3 2.78× 10−4 1.12 6.34× 10−8
1.50× 103 1.51× 10−3 6.95× 10−5 1.12 2.07× 10−8
8.00× 103 1.18× 10−4 1.60× 10−6 1.12 3.45× 10−9
Nf = 2
M CR C1 C2R σ
5.00× 102 5.45× 10−2 3.88× 10−3 3.40 1.68× 10−7
8.00× 102 8.76× 10−3 5.38× 10−4 3.40 4.24× 10−8
1.50× 103 2.66× 10−3 1.31× 10−4 3.40 1.46× 10−8
8.00× 103 1.61× 10−5 2.59× 10−7 3.40 5.89× 10−10
Table 2. Best-fit parameters for the low-L behavior of C(L) as a function of the cutoff M . Note
that in both the Nf = 1 and Nf = 2 theories the twisted Casimir energy C goes to zero as the
cutoff M is removed.
increasing M . In figure 5 we illustrate the dependence of the low-β behavior on the cutoff
M in Nf = 2 adjoint QCD. From the figure it is clear that the leading small L divergence
in C(L) is ∼ 1/L2. One can then verify that the M -independent small-L regions of C(µ)
can be modeled to a very high accuracy by a polynomial fit function F (L):
F (L) = C +
C1
L
+
C2R
L2
(D.1)
The parameters C, C1, C2 are read off from a least-squares fit of the F (L) to C(L) at
low L for a variety of values of M . We then take M → ∞ limit. Our results for Nf = 1
and Nf = 2 are summarized in table 2. To characterize the quality of the fits to the
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function (D.1), the tables also show the value of
σ =
1
n
√√√√∑
Li
(
C(Li)− F (Li)
C(Li)
)2
(D.2)
where Li, i = 1, 2, . . . , n are the set of values of L used to do the fit. A good fit is
characterized by σ  1, which is true for all the cases we show. Our results for higher
Nf are similar. We find that the best-fit values of C decrease rapidly toward zero with
increasing M , and an extrapolation to M =∞ results in C = 0 for all Nf ≥ 1. The same
is true for C1, while C2 has a non-zero limit which depends on Nf .
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